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Abstract. In this paper, a robust passive fault-tolerant control (RPFTC) strategy based on 𝐻ଶ/𝐻ஶ 
approach and an integral sliding mode passive fault tolerant control (ISMPFTC) strategy based on 
𝐻ଶ/𝐻ஶ approach for vehicle active suspension are presented with considering model uncertainties, 
loss of actuator effectiveness and time-domain hard constraints of the suspension system. 𝐻ஶ 
performance index less than 𝛾 and 𝐻ଶ performance index is minimized as the design objective, 
avoid choosing weighting coefficient. The half-car model is taken as an example, the robust 
passive fault-tolerant controller and the integral sliding mode passive fault tolerant control law is 
designed respectively. Three different fault modes are selected. And then compare and analyze 
the control effect of vertical acceleration of the vehicle body and pitch angular acceleration of 
passive suspension control, robust passive fault tolerant control and integral sliding mode passive 
fault tolerant control to verify the feasibility and effectiveness of passive fault tolerant control 
algorithm of active suspension. The studies we have performed indicated that the passive fault 
tolerant control strategy of the active suspension can improve the ride comfort of the suspension 
system. 
Keywords: active suspension, H2/H∞ control, parameter uncertainties, actuator faults, RPFTC, 
ISMPFTC. 
1. Introduction 
A suspension system is a very important component of any vehicle. It flexibly connects the 
vehicle body and the axles, carries the vehicle body; transmits all vertical forces between body 
and road, including bears the forces between the tires and body, absorbs the shock from the road 
surface; protects the vehicle from unwanted vibrations and avoids excessive suspension stroke or 
related hard stop/impact. The suspension plays a key role in the riding comfort and handling 
stability [1-3]. The primary functions of a vehicle suspension system are to isolate a car body from 
road disturbances in order to provide good ride quality, to keep good road holding, to provide 
good handling and support the vehicle static weight [4, 5]. Suspensions generally fall into either 
of two groups-dependent suspensions and independent suspensions. Suspension systems can be 
divided into passive suspension, semi-active suspension, and active suspension, according to the 
different control modes used [1]. There are generally three fundamental elements for a typical 
vehicle suspension system, including springing, damping, and location of the wheel [6]. Active 
suspension system contains separate actuator that is able to provide external forces to both add 
and dissipate energy from the system. The task of the suspension spring is to carry the body mass 
and to isolate the body from road disturbances. The suspension damper contributes to both driving 
safety and quality. Its task is the damping of body and wheel oscillations. A non-bouncing wheel 
is a condition for transferring road-contact forces [2]. 
However, conventional suspensions can achieve a trade-off between ride comfort and road 
holding since their spring and damping coefficients cannot be adaptively tuned according to 
driving efforts and road conditions. They can achieve good ride comfort and road holding only 
under the designed conditions [7]. Active suspension systems have the best potential to deal with 
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conflicting objectives placed on a suspension system a potential to deal with the trade-off between 
the conflicting suspension performance measures. Because vehicle active suspension can 
significantly improve the ride comfort of passengers, meet the requirements of handling stability 
simultaneously. Over the past three decades, many researchers have devoted themselves to the 
theory and simulation studies on the control method of vehicle active suspension. Many advances 
have been made in active suspension and control theory nowadays. 
The active suspension control problem can be considered as a disturbance attenuation problem 
with time-domain hard constraints [8, 9]. The mixed 𝐻ଶ/𝐻ஶ guaranteed cost control problem of 
state feedback control laws is considered in [10] for linear systems with norm-bounded parameter 
uncertainty. The 𝐻ஶ  state feedback control strategy with time domain hard constraints was 
proposed under non-stationary running [11]. [12] designed a linear, robust, guaranteed-cost state 
feedback control with pole region constraints subject to active suspension system uncertainties. 
By the LMI (Linear Matrix Inequalities) method, a convex optimization problem is formulated to 
find the corresponding controller. A 3 DOF quarter car model is used in [13]. LQR based fuzzy 
controller; Fuzzy PID controller and Linear Quadratic Controller (LQR) are designed respectively 
to analyze and compare the performance characteristics of the active system with the uncontrolled 
system or passive suspension system. In [14], a robust model predictive control algorithm for 
polytopic uncertain systems with time-varying delays is presented for active suspension systems. 
However, most often, controllers are designed for the faultless suspension system so that the 
closed loop meets given performance specifications in studies of active suspension. Since not 
taking full account of the suspension system may exist malfunctions such as actuators, sensors or 
model parameters, which may lead to a degraded system performance (unsatisfactory performance) 
or even the loss of the system function (even instability) [15]. That is to say, once an actuator or a 
sensor fault occurs in a suspension system, the conventional controllers cannot achieve better 
performance in comparison with the reliable and fault-tolerant controllers. 
Fault tolerant control systems (FTCS) as control systems that possess the ability to 
accommodate system component failures automatically. They are capable of maintaining overall 
system stability and acceptable performance in the event of such failures. FTCS were also known 
as self-repairing, reconfigurable, restructurable, or self designing control systems [17-19]. 
Generally speaking, fault tolerant control can be classified into two types: active fault tolerant 
control (AFTC) and passive fault tolerant control (PFTC). AFTC reacts to the system component 
failures actively, by means of a fault detection and diagnosis (FDD) component that detects, 
isolates, and estimates the current faults, and re-configuring on-line the controller, so that the 
stability and acceptable performance of the entire system can be maintained [18, 19]. Robust 
control is closely related to passive fault tolerant control systems (PFTCS). The controller is 
designed to be robust against disturbances and uncertainty during the design stage. That is, 
controllers are designed to be robust against a class of presumed fault. In other words, the starting 
point of the design is to reduce system dependency on the operation of a single component, even 
in the case of such failures and no correction, the system can still maintain some “acceptable” 
level of performance or degrade gracefully [17]. This enables the controller to counteract the effect 
of a fault without requiring reconfiguration or fault detection and isolation(FDI). Passive schemes 
operate independently of any fault information and basically exploit the robustness of the 
underlying controller. Such a controller is usually less complex, but in order to cope with ‘worst 
case’ fault effects, has a certain degree of conservatism [16, 18, 19]. However, its advantages are 
obvious: the parameters and structure of the controller are to be designed fixed; it neither needs to 
adjust the control law and control parameters online, nor needs fault detection, diagnosis and 
isolation; it is easy to realize and has the advantage of avoiding the time delay, which is very 
important [20-22]. 
A passive fault-tolerant 𝐻ஶ controller is designed in [23] such that the resulting control system 
is reliable since it has the capability of guaranteeing asymptotic stability and 𝐻ஶ performance, and 
simultaneously satisfying the constraint performance in the scenarios of actuator failures. In [24], 
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a fault-tolerant control approach is proposed to deal with the problem of fault accommodation for 
unknown actuator failures of active suspension systems, where an adaptive robust controller is 
designed to adapt and compensate the parameter uncertainties, external disturbances and uncertain 
non-linearities generated by the system itself and actuator failures. In [25], the robust fault-tolerant 
𝐻ஶ control problem of active suspension systems with finite-frequency constraint is investigated. 
Both the actuator faults and external disturbances are considered in the controller synthesis. Other 
performances such as suspension deflection and actuator saturation are also considered. In [26], 
an adaptive fault tolerant control problem for half-car active suspension system subject to 
Markovian jumping actuator failures is considered. By employing adaptive backstepping 
technique, a new adaptive fault tolerant control scheme is proposed, which ensures the 
boundedness in probability of the considered systems. 
Sliding mode based control schemes are a strong candidate for fault tolerant control because 
of their inherent robustness to matched uncertainties. Actuator faults can be effectively modeled 
as matched uncertainties and therefore sliding mode based control schemes have an inherent 
capability to directly deal with actuator faults [27]. In [28], a new robust strategy is presented 
which utilized the proportional-integral sliding mode control scheme. In [29] a sliding mode 
control is designed for a full nonlinear vehicle active suspension system. Sensor faults effects on 
the behavior of the controlled system are analyzed and a fault tolerant control strategy to 
compensate for the sensor faults is proposed. [30] presents adaptive sliding mode fault tolerant 
control for magneto-rheological (MR) suspension system considering the partial fault of MR 
dampers. In [31], an adaptive proportional-integral-derivative (PID) controller is proposed. 
Designing an adaptation scheme for the PID gains to accommodate actuator faults. A fault tolerant 
control approach based on a novel sliding mode method is proposed in [32] for a full vehicle 
suspension system aims at retaining system stability in the presence of model uncertainties, 
actuator faults, parameter variations. 
This paper is based on the previous research results, consider that the vehicle active suspension 
system off-line designed controller in the event of malfunctions in actuators and model 
uncertainties cannot achieve the desired control effect, and even controller appear failure make 
the suspension system loss of stability. In view of this, under the premise of fully taken into 
account the time domain hard constraints of the suspension system; for the half-car active 
suspension system with actuator faults and model uncertainties, a robust passive fault tolerant 
control scheme based on 𝐻ଶ/𝐻ஶ approach and an integral sliding mode passive fault tolerant 
control scheme based on 𝐻ଶ/𝐻ஶ approach is designed respectively. 
2. Half-car model 
Vehicle vibration models can be divided into quarter-car model, half-car model, full-car model. 
The quarter-vehicle model was initially developed to explore active suspension capabilities and 
gave birth to the concepts of skyhook damping and fast load leveling, which are now being 
developed toward actual, large-scale production applications. The quarter-car model has been the 
bench model used in the study of control algorithm for intelligent suspension system. Although 
the model is very simple and is considering only vertical vibration motions of the sprung mass 
and the unsprung mass, it is very useful in initial development. By considering the vertical 
dynamics and taking into account the vehicle’s symmetry, a suspension can be reduced to the 
quarter-car model. To account for the pitch motion or roll motion, a half-car model is adopted by 
many researchers. The model is considering the vertical vibration and pitch motions of vehicle 
body, and the vertical motion of front and rear wheels. The half-car model was represented to 
simulate ride characteristics of a simplified whole vehicle, which leads to significant improvement 
in ride and handling. The vehicle body of the full-car model is assumed to be rigid and has seven 
degree-of-freedom in heave, pitch, and roll directions [7]. 
A four degree-of-freedom half-car model is shown in Fig. 1. The model can simultaneously 
represent the passive suspension and active/semi-active according to the state of the actuator. If 
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the actuator is neglected, the model is a passive suspension. The model is an active suspension if 
the actuator can generate active control forces, while the model is a semi-active suspension if the 
actuator can provide only damping forces. The model has been used extensively in the literature 
and captures many important characteristics of vertical and pitch motions. 
 
Fig. 1. Model of half-car active suspension system 
The half-car model is shown in Fig. 1. With the assumption of a small pitch angle 𝜃, sin𝜃 ≈ 𝜃, 
we have the following approximate linear relationships: 
𝑥௦ଵ = 𝑥௦ − 𝑎𝜃,     𝑥௦ଶ = 𝑥௦ + 𝑏𝜃,     𝜃 =
(𝑥௦ଶ − 𝑥௦ଵ)
(𝑎 + 𝑏) . 
The dynamic equations of this model can be written as: 
⎩
⎪
⎪
⎨
⎪
⎪
⎧𝑚௨ଵ𝑥ሷ௨ଵ = 𝐾௧ଵ൫𝑥௚ଵ − 𝑥௨ଵ൯ − 𝐾ଵ(𝑥௨ଵ − 𝑥௦ଵ) − 𝐶௦ଵ(𝑥ሶ௨ଵ − 𝑥ሶ௦ଵ) − 𝑢ଵ,
𝑚௨ଶ𝑥ሷ௨ଶ = 𝐾௧ଶ൫𝑥௚ଶ − 𝑥௨ଶ൯ − 𝐾ଶ(𝑥௨ଶ − 𝑥௦ଶ) − 𝐶௦ଶ(𝑥ሶ௨ଶ − 𝑥ሶ௦ଶ) − 𝑢ଶ,
𝐼௣𝜃ሷ = −𝑎𝐾ଵ(𝑥௨ଵ − 𝑥௦ଵ) + 𝑏𝐾ଶ(𝑥௨ଶ − 𝑥௦ଶ) − 𝑎𝐶௦ଵ(𝑥ሶ௨ଵ − 𝑥ሶ௦ଵ)
      +𝑏𝐶௦ଶ(𝑥ሶ௨ଶ − 𝑥ሶ௦ଶ) − 𝑎𝑢ଵ + 𝑏𝑢ଶ,
𝑚௦𝑥ሷ௦ = 𝐾ଵ(𝑥௨ଵ − 𝑥௦ଵ) + 𝐾ଶ(𝑥௨ଶ − 𝑥௦ଶ) + 𝐶௦ଵ(𝑥ሶ௨ଵ − 𝑥ሶ௦ଵ) + 𝐶௦ଶ(𝑥ሶ௨ଶ − 𝑥ሶ௦ଶ) + 𝑢ଵ + 𝑢ଶ,
𝑥௦ଵ = 𝑥௦ − 𝑎𝜃,
𝑥௦ଶ = 𝑥௦ + 𝑏𝜃,
 (1)
where 𝑚௨ଵ, 𝑚௨ଶ are the front and rear unsprung mass respectively; 𝐼௣ is pitch moment of inertia; 
𝜃 represents the pitch angular; 𝑚௦ is the sprung mass; 𝐾ଵ and 𝐾ଶ are the stiffness coefficient of 
front and rear suspension respectively; 𝐶௦ଵ and 𝐶௦ଶ are the damping coefficient of front and rear 
suspension respectively; 𝑎 and 𝑏 are the distance of front and rear axle to sprung mass center of 
gravity respectively; 𝑢ଵ and 𝑢ଶ are actuator control output force of the front and rear suspension 
respectively; 𝑥௨ଵ and 𝑥௨ଶ are the displacements of the front and rear unsprung mass respectively; 
𝑥௚ଵ and 𝑥௚ଶ are the road profile inputs of the front and rear suspension system respectively. 
Taking into account the time domain hard constraints on the suspension system [8, 9], it is 
necessary to keep suspension dynamic displacement in the usable range, so as to avoid bumping 
the limit blocks: 
|𝑥௦௜ − 𝑥௨௜| < 𝑆୫ୟ୶, (𝑖 = 1, 2), (2)
where 𝑆୫ୟ୶ is the maximum suspension deflection. 
Consider that the driving stability of the vehicle requirements, the dynamic tyre load doesn’t 
exceed the static tyre load in order to ensure the tire's grip capacity: 
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ห𝐾௧௜(𝑥௨௜ − 𝑥௚௜)ห < (𝑚௦௜ + 𝑚௨௜)𝑔, (𝑖 = 1, 2), (3)
where 𝑚௦ଵ, 𝑚௦ଶ are the static load mass of the front and rear suspension parts respectively. 
The active control force provided for the active suspension system should be confined to a 
certain range prescribed by limited power of the actuator: 
|𝑢௜| ≤ 𝐹୫ୟ୶, (𝑖 = 1, 2), (4)
where 𝐹୫ୟ୶ represents actuator output threshold. 
Generally speaking, 𝐻ஶ control strategy can solve the robust stability problem of a controlled 
target, and 𝐻ଶ  control strategy lets the controlled targets have a better dynamic performance. 
Combining on 𝐻ଶ/𝐻ஶ to build a hybrid control strategy, the problems of robust stability and 
optimal dynamic performance of a controlled target can be solved with better results. For a 
half-vehicle model, the riding comfort is related to the body vertical acceleration, pitching angular 
acceleration. The handling stability is related to the front and rear tyre dynamic loads. Based upon 
this consideration, and also considering how to reduce the complexity of a controller, a 
multi-objective optimization control strategy for an active suspension system is introduced. 
Choosing 𝐻ஶ norm as the robust performance index of the time domain hard constraints, 𝐻ଶ norm 
as the time-domain LQG performance index of perturbation action. 
That is, the constrained output (𝐙ஶ) and controlled output (𝐙𝟐) are defined as follows: 
⎩
⎪⎪
⎪
⎨
⎪⎪
⎪
⎧𝐙ஶ = ቈ
𝑥௦ଵ − 𝑥௨ଵ
𝑆୫ୟ୶    
𝑥௦ଶ − 𝑥௨ଶ
𝑆୫ୟ୶    
𝐾௧ଵ൫𝑥௨ଵ − 𝑥௚ଵ൯
(𝑚௦ଵ + 𝑚௨ଵ)𝑔    
𝐾௧ଶ(𝑥௨ଶ − 𝑥௚ଶ)
(𝑚௦ଶ + 𝑚௨ଶ)𝑔    
𝑢ଵ
𝐹୫ୟ୶    
𝑢ଶ
𝐹୫ୟ୶቉
்
,
𝐙ଶ = ൣ𝑥ሷ௦  𝜃ሷ ൧்,
𝑚௦ଵ = ൬
𝑏
(𝑎 + 𝑏)൰ 𝑚௦𝑔,
𝑚௦ଶ = ൬
𝑎
(𝑎 + 𝑏)൰ 𝑚௦𝑔.
 (5)
The selected state vector 𝐗 = ൣ𝑥௦ଵ − 𝑥௨ଵ  𝑥௦ଶ − 𝑥௨ଶ  𝑥ሶ௦ଵ 𝑥ሶ௦ଶ  𝑥௨ଵ − 𝑥௚ଵ  𝑥௨ଶ − 𝑥௚ଶ  𝑥ሶ௨ଵ  𝑥ሶ௨ଶ൧்; 
the road surface vertical speed (𝑥ሶ௚ଵ, 𝑥ሶ௚ଶ) are used as interference inputs, i.e. 𝐖 = [𝑥ሶ௚ଵ, 𝑥ሶ௚ଶ]் . 
Then the governing equations 𝜎௙ can be presented in the following state-space form: 
ቐ
𝐗ሶ = 𝐀𝐗 + 𝐁ଵ𝐖 + 𝐁ଶ𝐔,
𝐙ஶ = 𝐂ଵ𝐗 + 𝐃ଵଵ𝐖 + 𝐃ଵଶ𝐔
𝐙ଶ = 𝐂ଶ𝐗 + 𝐃ଶଵ𝐖 + 𝐃ଶଶ𝐔,
, (6)
where: 
𝐃ଵଵ = 𝑧𝑒𝑟𝑜𝑠(6,2),     𝐃ଶଵ = 𝑧𝑒𝑟𝑜𝑠(2),     𝐃ଵଶ =
⎣
⎢
⎢
⎡0  0  0  0 1𝐹୫ୟ୶     0
0  0  0  0      0   1𝐹୫ୟ୶⎦
⎥
⎥
⎤
,      
𝐃ଶଶ =
⎣⎢
⎢⎢
⎡ 1𝑚௦ 
1
𝑚௦ 
−𝑎
𝐼௣
𝑏
𝐼௣ ⎦
⎥⎥
⎥⎤,    𝐁ଵ = ቂ0  0  0  0  − 1       0    0  00  0  0  0       0  − 1    0  0ቃଶ×଼,      
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𝐁ଶ =
⎣
⎢⎢
⎢
⎡0   0   1𝑚௦ +
𝑎ଶ
𝐼௣    
1
𝑚௦ –
𝑎𝑏
𝐼௣       0    0    
−1
𝑚௨ଵ     0
0   0    1𝑚௦ –
𝑎𝑏
𝐼௣     
1
𝑚௦ +
𝑏ଶ
𝐼௣     0    0      0      
−1
𝑚௨ଵ ⎦
⎥⎥
⎥
⎤
, 
𝐀 =
⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 0 0 1 0 0 0 −1 00 0 0 1 0 0 0 −1
−𝐾ଵ
𝑚௦ –
𝑎ଶ𝐾ଵ
𝐼௣ 
−𝐾ଶ
𝑚௦ +
𝑎𝑏𝐾ଶ
𝐼௣ 
−𝐶௦ଵ
𝑚௦ –
𝑎ଶ𝐶௦ଵ
𝐼௣ 
−𝐶௦ଶ
𝑚௦ +
𝑎𝑏𝐶௦ଶ
𝐼௣ 0 0
𝐶௦ଵ
𝑚௦ +
𝑎ଶ𝐶௦ଵ
𝐼௣ 
𝐶௦ଶ
𝑚௦ +
𝑎𝑏𝐶௦ଶ
𝐼௣ 
– 𝐾ଵ
𝑚௦ +
𝑎𝑏𝐾ଵ
𝐼௣ 
−𝐾ଶ
𝑚௦ –
𝑏ଶ𝐾ଶ
𝐼௣ 
−𝐶௦ଵ
𝑚௦ +
𝑎𝑏𝐶௦ଵ
𝐼௣ 
−𝐶௦ଶ
𝑚௦ –
𝑏ଶ𝐶௦ଶ
𝐼௣ 0 0
𝐶௦ଵ
𝑚௦ +
𝑎𝑏𝐶௦ଵ
𝐼௣ 
𝐶௦ଶ
𝑚௦ +
𝑏ଶ𝐶௦ଶ
𝐼௣ 
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
𝐾ଵ
𝑚௨ଵ 0
𝐶௦ଵ
𝑚௨ଵ 0
– 𝐾௧ଵ
𝑚௨ଵ 0
−𝐶௦ଵ
𝑚௨ଵ 0
0 𝐾ଶ𝑚௨ଶ 0
𝐶௦ଶ
𝑚௨ଶ 0
– 𝐾௧ଶ
𝑚௨ଶ 0
−𝐶௦ଶ
𝑚௨ଶ ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤
଼×଼
, 
𝐂ଵ =
⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 1𝑆୫ୟ୶ 0 0 0 0 0 0 0
0 1𝑆୫ୟ୶ 0 0 0 0 0 0
0 0 0 0 𝐾௧ଵ𝑚௦ଵ𝑔 + 𝑚௨ଵ𝑔 0 0 0
0 0 0 0 𝐾௧ଶ𝑚௦ଶ𝑔 + 𝑚௨ଶ𝑔 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤
଺×଼
, 
𝐂ଶ =
⎣⎢
⎢⎢
⎡−𝐾ଵ𝑚௦ 
  – 𝐾ଶ
𝑚௦   
– 𝐶௦ଵ
𝑚௦      
−𝐶௦ଶ
𝑚௦ 0 0
   −𝐶௦ଵ
𝑚௦     
−𝐶௦ଶ
𝑚௦ 
 𝑎𝐾ଵ
𝐼௣
−𝑏𝐾ଶ
𝐼௣
𝑎𝐶௦ଵ
𝐼௣
𝑏𝐶௦ଶ
𝐼௣ 0 0
−𝑎𝐶௦ଵ
𝐼௣   
𝑏𝐶௦ଵ
𝐼௣ ⎦
⎥⎥
⎥⎤
ଶ×଼
. 
3. Modeling of faulty systems 
3.1. Actuator fault model 
The actuator common faults are outage, loss of effectiveness, and stuck. The actual control 
input 𝐮௔(𝑡) which is able to impact the system is not the same as the designed control input 𝐔(𝑡) 
designed in general. In this article, let 𝛿ଵ and 𝛿ଶ represent the percentage of efficiency loss of the 
front and rear actuator respectively. We only consider loss of effectiveness faults occur to the 
actuators. If losses of effectiveness faults occur to the actuators, the faulty actuators will fail to 
provide the desired control effects [20, 21]. That is, the faulty actuators can be formulated as: 
𝐮௔(𝑡) = [(1 − 𝛿ଵ)𝑢ଵ (1 − 𝛿ଶ)𝑢ଶ]், (7)
where 𝛿௜ ∈ [0 1] (𝑖 = 1, 2), then 1 − 𝛿௜ ∈ [0 1]. Define the actuator failure switch matrix as: 
𝐌 = diag(1 − 𝛿ଵ   1 − 𝛿ଶ), (8)
such as: 
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𝐮௔(𝑡) = 𝐌𝐔. (9)
Define the failure factor 𝑚௜ = 1 − 𝛿௜ (𝑖 = 1, 2) in 𝐌, so then, 0 ≤ 𝑚௟௜ ≤ 𝑚௜ ≤ 𝑚௨௜, 𝑚௟௜ and 
𝑚௨௜ represent the known lower and upper bounds of 𝑚௜ respectively. If 𝑚௟௜ = 𝑚௨௜ = 0, it covers 
to the outage case. If 0 ≤ 𝑚௟௜ < 𝑚௜ < 𝑚௨௜ and 𝑚௜ ≠ 1, it corresponds to the partial failure case. 
And, fault-free (normal) case with 𝑚௟௜ = 𝑚௨௜ = 1. In order to facilitate the analysis, the following 
matrix is introduced [24]: 
𝐌଴ = diag(𝑚଴ଵ  𝑚଴ଶ), (10)
𝐋 = diag(𝑙ଵ  𝑙ଶ), (11)
𝐉 = diag(𝑗ଵ  𝑗ଶ), (12)
where 𝑚଴௜ = (𝑚௟௜ + 𝑚௨௜) 2⁄ , 𝑙௜ = (𝑚௜ − 𝑚଴௜) 𝑚଴௜⁄ , 𝑗௜ = (𝑚௨௜ − 𝑚௟௜) (𝑚௨௜ + 𝑚௟௜)⁄  (𝑖 = 1, 2). 
The fault switch matrix can be expressed as: 
𝐌 = 𝐌଴(𝐈 + 𝐋), (13)|𝐋| ≤ 𝐉 ≤ 𝐈. (14)
3.2. Uncertainty model 
Model uncertainties change the model parameters. In this paper, we will consider the following 
structure for the norm-bounded uncertainty: 
[∆𝐀  ∆𝐁ଶ] = 𝐇𝐅[𝐄ଵ 𝐄ଶ], (15)
where ∆𝐀, ∆𝐁ଶ are real matrix functions representing time-varying parameter uncertainties. 𝐇,  
𝐄ଵ , 𝐄ଶ  are known constant matrices of appropriate dimensions which characterize how the 
uncertain parameters in 𝐅(𝑡). 𝐅(𝑡) ∈ 𝑅௜×௝ is an unknown real time-varying matrix with Lebesgue 
measurable elements satisfying: 
𝐅்(𝑡)𝐅(𝑡) ≤ 𝐈. (16)
where 𝐈 is an unit matrix of the appropriate dimension [10]. 
The stiffness and damping of active suspension change according to the sine function; 
variation range is both 20 %. Then in the light of Eq. (15), considering that the matrix 𝐀, 𝐁ଶ 
contain the stiffness and damping parameters and as well as the dimension of them, meanwhile in accordance with the given variation range perturbation, we can know that 𝐇 is 8×4 matrix, 𝐄ଵ is 
4×8 matrix, 𝐄ଶ is 4×2 matrix. 
3.3. The fault suspension model 
Due to the active suspension system with consideration of both uncertainty and actuator 
failures, thus, the fault system Ω௙ can be written by: 
ቐ
𝐗ሶ = (𝐀 + ∆𝐀)𝐗 + 𝐁ଵ𝐖 + (𝐁ଶ + ∆𝐁ଶ)𝐌𝐔,
𝐙ஶ = 𝐂ଵ𝐗 + 𝐃ଵଶ𝐌𝐔,
𝐙ଶ = 𝐂ଶ𝐗 + 𝐃ଶଶ𝐌𝐔.
 (17)
4. Passive fault-tolerant controller design 
4.1. Robust passive fault-tolerant controller design based on 𝑯𝟐/𝑯ஶ approach 
The designed 𝐻ଶ/𝐻ஶ state feedback controller in the active suspension intact and trouble-free 
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condition is: 
𝐔 = 𝐊𝐗. (18)
According to the faulty suspension system Eq. (17), the designed state feedback robust passive 
fault tolerant control law as follows: 
𝐔 = 𝐊௙𝐗, (19)
such that for all admissible parameter uncertainties, the following design criteria are satisfied: 
1) The resulting closed-loop system is asymptotically stable. 
2) If 𝐖(𝑡) is viewed as a finite energy disturbance signal, the closed-loop transfer function 
𝐺௓ಮೈ(𝑠) from 𝐖(𝑡) to 𝐙ஶ(𝑡) satisfies: 
ฮ𝐺௓ಮೈ(𝑠)ฮஶ < 𝛾, (20)
where ฮ𝐺௓ಮೈ(𝑠)ฮஶ = supௐ 𝜎୫ୟ୶൛𝐺௓ಮೈ(𝑗𝑊)ൟ , 𝜎୫ୟ୶(∙)  denotes the largest singular value, and 
𝛾 > 0 is a pre-specified disturbance attenuation level; 
3) If 𝐖(𝑡) is viewed as a white noise signal with the unit power spectral density, an upper 
bound of the worst case 𝐻ଶ performance index defined by: 
𝐽൫𝐊௙൯ = sup𝐅(௧) lim௧→ஶ 𝐸ሼ𝐙ଶ் 𝐙ଶሽ ≤ 𝐽൫̅𝐊௙൯, (21)
where 𝐽൫̅𝐊௙൯ is a certain constant, 𝐸ሼ∙ሽ denotes the expectation. 
Substituting the control law Eq. (19) into fault suspension model Eq. (17), we obtain the 
available fault suspension state feedback closed-loop system Σ௙: 
ቐ
𝐗ሶ = 𝐀ഥ௖𝐗 + 𝐁ଵ𝐖,
𝐙ஶ = 𝐂ଵ௖𝐗,
𝐙ଶ = 𝐂ଶ௖𝐗,
 (22)
where 𝐀௖ = 𝐀 + 𝐁ଶ𝐌𝐊௙,  𝐄௖ = 𝐄ଵ + 𝐄ଶ𝐌𝐊௙,  𝐂ଵ௖ = 𝐂ଵ + 𝐃ଵଶ𝐌𝐊௙,  𝐂ଶ௖ = 𝐂ଶ + 𝐃ଶଶ𝐌𝐊௙,  
𝐀ഥ௖ = (𝐀 + 𝐁ଶ𝐌𝐊௙) + 𝐇𝐅൫𝐄ଵ + 𝐄ଶ𝐌𝐊௙൯ = 𝐀௖ + 𝐇𝐅𝐄௖. 
If 𝐀ഥ௖ is asymptotically stable, then the performance index 𝐽൫𝐊௙൯ can be computed by: 
𝐽൫𝐊௙൯ = supி 𝑇𝑟𝑎𝑐𝑒൛𝐁ଵ் 𝐏
෩𝐁ଵൟ. (23)
where 𝐏෩ = 𝐏෩் ≥ 0 is the observability Gramian matrix obtained from the following Lyapunov 
equation: 
𝐏෩𝐀ഥ௖ + 𝐀ഥ௖்𝐏෩ + 𝐂ଶ௖் 𝐂ଶ௖ = 0. (24)
Lemma 1 [23]: for any matrices 𝐗 and 𝐘 with appropriate dimensions, for any 𝜂 > 0, we have: 
𝐗்𝐘 + 𝐘்𝐗 ≤ 𝜂𝐗்𝐗 + 𝜂ିଵ𝐘்𝐘. (25)
Theorem 1 [10]: For a given constant 𝛾 > 0  and the closed-loop system Σ௙,  𝐀ഥ௖  is asymptotically stable and 
 
ฮ𝐺௓ಮೈ(𝑠)ฮஶ < 𝛾  if and only if there exist two scalars 𝛼 > 0 and  𝛽 > 0 such that the following matrix inequality: 
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𝐀௖்𝐏 + 𝐏𝐀௖ + 𝐏(𝛼𝐇𝐇் + 𝛽𝛾ିଶ𝐁ଵ𝐁ଵ் )𝐏 + 𝛼ିଵ𝐄௖் 𝐄௖ + 𝛽ିଵ𝐂ଵ௖்𝐂ଵ௖ + 𝐂ଶ௖் 𝐂ଶ௖ < 0, (26)
has a symmetric positive definite solution 𝐏; furthermore, if Eq. (26) has a symmetric positive 
definite solution 𝐏, then for all admissible parameter uncertainties: 
0 ≤ 𝐏෩ ≤ 𝐏, (27)
where 𝐏෩ = 𝐏෩𝐓 ≥ 0 is a solution to lyapunov Eq. (24). 
The matrix inequality Eq. (26) multiplied by 𝐏ିଵ on both sides respectively such that: 
𝐏ି𝟏𝐀௖் + 𝐀௖𝐏ି𝟏 + 𝛼𝐇𝐇் + 𝛽𝛾ିଶ𝐁ଵ𝐁ଵ் + 𝛼ିଵ𝐏ି𝟏𝐄௖் 𝐄௖𝐏ି𝟏 
      +𝛽ିଵ𝐏ି𝟏𝐂ଵ௖்𝐂ଵ௖𝐏ି𝟏 + 𝐏ି𝟏𝐂ଶ௖் 𝐂ଶ௖𝐏ି𝟏 < 0. (28)
According to the Schur complement, the matrix inequality Eq. (28) is equivalent to Eq. (29): 
⎣⎢
⎢⎢
⎡𝐏ି𝟏𝐀௖் + 𝐀௖𝐏ି𝟏 + 𝛼𝐇𝐇் + 𝛽𝛾ିଶ𝐁ଵ𝐁ଵ் 𝐏ି𝟏𝐄௖் 𝐏ି𝟏𝐂ଵ௖் 𝐏ି𝟏𝐂ଶ௖
்
𝐄௖𝐏ି𝟏 −𝛼𝐈 0 0
𝐂ଵ௖𝐏ି𝟏 0 −𝛽𝐈 0
𝐂ଶ௖𝐏ି𝟏 0 0 −𝐈 ⎦
⎥⎥
⎥⎤ < 0. (29)
Let 𝐐 = 𝐏ି𝟏, 𝐕 = 𝐊௙𝐏ି𝟏; substituting 𝐀௖, 𝐄௖, 𝐂ଵ௖, 𝐂ଶ௖ into the inequality Eq. (29) such that: 
൦
(𝐀𝐐 + 𝐁ଶ𝐌𝐕)் + (𝐀𝐐 + 𝐁ଶ𝐌𝐕) + 𝛼𝐇𝐇் + 𝛽𝛾ିଶ𝐁ଵ𝐁ଵ் ∗ ∗ ∗
𝐄ଵ𝐐 + 𝐄ଶ𝐌𝐕 −𝛼𝐈 ∗ ∗
𝐂ଵ𝐐 + 𝐃ଵଶ𝐌𝐕 0 −𝛽𝐈 ∗
𝐂ଶ𝐐 + 𝐃ଶଶ𝐌𝐕 0 0 −𝐈
൪ < 0. (30)
In this paper, we agree on that “*” represent symmetric transpose of the matrix; substituting 
the fault switch matrix Eq. (13) into the matrix inequality Eq. (30), then considering that the matrix 
inequality Eq. (14) and according to the lemma 1 such that: 
൦
(𝐀𝐐 + 𝐁ଶ𝐌𝟎𝐕)் + (𝐀𝐐 + 𝐁ଶ𝐌𝟎𝐕) + 𝛼𝐇𝐇் + 𝛽𝛾ିଶ𝐁ଵ𝐁ଵ் ∗ ∗ ∗
𝐄ଵ𝐐 + 𝐄ଶ𝐌𝟎𝐕 −𝛼𝐈 ∗ ∗
𝐂ଵ𝐐 + 𝐃ଵଶ𝐌𝟎𝐕 0 −𝛽𝐈 ∗
𝐂ଶ𝐐 + 𝐃ଶଶ𝐌𝟎𝐕 0 0 −𝐈
൪ 
      +𝜂 
⎣⎢
⎢⎢
⎡ 𝐁ଶ𝐌଴𝐉(𝐁ଶ𝐌଴)
் 𝐁ଶ𝐌଴𝐉(𝐄ଶ𝐌଴)் 𝐁ଶ𝐌଴𝐉(𝐃ଵଶ𝐌଴)் 𝐁ଶ𝐌଴𝐉(𝐃ଶଶ𝐌଴)்
𝐄ଶ𝐌଴𝐉(𝐁ଶ𝐌଴)் 𝐄ଶ𝐌଴𝐉(𝐄ଶ𝐌଴)் 𝐄ଶ𝐌଴𝐉(𝐃ଵଶ𝐌଴)் 𝐄ଶ𝐌଴𝐉(𝐃ଶଶ𝐌଴)்
𝐃ଵଶ𝐌଴𝐉(𝐁ଶ𝐌଴)் 𝐃ଵଶ𝐌଴𝐉(𝐄ଶ𝐌଴)் 𝐃ଵଶ𝐌଴𝐉(𝐃ଵଶ𝐌଴)் 𝐃ଵଶ𝐌଴𝐉(𝐃ଶଶ𝐌଴)்
𝐃ଶଶ𝐌଴𝐉(𝐁ଶ𝐌଴)் 𝐃ଶଶ𝐌଴𝐉(𝐄ଶ𝐌଴)் 𝐃ଶଶ𝐌଴𝐉(𝐃ଵଶ𝐌଴)் 𝐃ଶଶ𝐌଴𝐉(𝐃ଶଶ𝐌଴)்⎦
⎥⎥
⎥⎤ 
      +𝜂ିଵൣ𝐕்𝐉ଵ ଶ⁄     0    0    0൧்ൣ𝐉ଵ ଶ⁄ 𝐕    0    0    0൧ < 0. 
(31)
In the light of the Schur complement such that: 
⎣
⎢
⎢
⎢
⎡ Γଵଵ ∗ ∗ ∗ ∗Γଶଵ Γଶଶ ∗ ∗ ∗
Γଷଵ Γଷଶ Γଷଷ ∗ ∗
Γସଵ Γସଶ Γସଷ Γସସ ∗
𝐉ଵ ଶ⁄ 𝐕 0 0 0 −𝜂𝐈⎦
⎥
⎥
⎥
⎤
< 0, (32)
where: 
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Γଵଵ = (𝐀𝐐 + 𝐁ଶ𝐌଴𝐕)் + (𝐀𝐐 + 𝐁ଶ𝐌଴𝐕) + 𝛼𝐇𝐇் + 𝛽𝛾ିଶ𝐁ଵ𝐁ଵ் + 𝜂𝐁ଶ𝐌଴𝐉(𝐁ଶ𝐌଴)், 
Γଶଵ = 𝐄ଵ𝐐 + 𝐄ଶ𝐌𝐕 + 𝜂𝐄ଶ𝐌଴𝐉(𝐁ଶ𝐌଴)்,     Γଶଶ = −𝛼𝐈 + 𝜂 𝐄ଶ𝐌଴𝐉(𝐄ଶ𝐌଴)், 
Γଷଵ = 𝐂ଵ𝐐 + 𝐃ଵଶ𝐌଴𝐕 + 𝜂𝐃ଵଶ𝐌଴𝐉(𝐁ଶ𝐌଴)்,     Γଷଶ = 𝜂𝐃ଵଶ𝐌଴𝐉(𝐄ଶ𝐌଴)், 
Γଷଷ = −𝛽𝐈 + 𝜂𝐃ଵଶ𝐌଴𝐉(𝐃ଵଶ𝐌଴)்,     Γସଵ = 𝐂ଶ𝐐 + 𝐃ଶଶ𝐌଴𝐕 + 𝜂𝐃ଶଶ𝐌଴𝐉(𝐁ଶ𝐌଴)், 
Γସଶ = 𝜂𝐃ଶଶ𝐌଴𝐉(𝐄ଶ𝐌଴)்,     Γସଷ = 𝜂𝐃ଶଶ𝐌଴𝐉(𝐃ଵଶ𝐌଴)்,     Γସସ = −𝐈 + 𝜂𝐃ଶଶ𝐌଴𝐉(𝐃ଶଶ𝐌଴)். 
Considering that the fault suspension system Eq. (17) and a given 𝛾 > 0, if the following 
optimization problem: 
s.t.(i) 
⎣
⎢
⎢
⎢
⎡ Γଵଵ ∗ ∗ ∗ ∗Γଶଵ Γଶଶ ∗ ∗ ∗
Γଷଵ Γଷଶ Γଷଷ ∗ ∗
Γସଵ Γସଶ Γସଷ Γସସ ∗
𝐉ଵ ଶ⁄ 𝐕 0 0 0 −𝜂𝐈⎦
⎥
⎥
⎥
⎤
ᇩᇭᇭᇭᇭᇭᇭᇭᇭᇪᇭᇭᇭᇭᇭᇭᇭᇭᇫ
୫୧୬ഀ,ഁ,ആ,𝐐,𝐕,𝐍  ்௥௔௖௘(𝐍)      
< 0, 
(ii) ൤−𝐍    𝐁ଵ்   𝐁ଵ  − 𝐐൨ < 0, 
(33)
by the solver mincx of the 𝐿𝑀𝐼 toolbox of the MATLAB has a solution 𝛼∗, 𝛽∗, 𝜂∗, 𝐐∗, 𝐕∗, 𝐍∗, 
then the robust passive fault tolerant controller of the fault suspension loop-system based on 
𝐻ଶ/𝐻ஶ approach is: 
𝐔 = 𝐕∗(𝐐∗)ିଵ𝐗. (34)
4.2. Integral sliding mode fault-tolerant controller design based on 𝑯𝟐/𝑯ஶ approach 
According to Eq. (17), the fault system Ω௙ can be also written by: 
𝐗ሶ = (𝐀 + ∆𝐀)𝐗 + 𝐁ଶ𝐔 − 𝐁ଶ𝛅𝐔 + 𝐁ଵ𝐖, (35)
where 𝛅 = diag(𝛿ଵ  𝛿ଶ); let 𝛏 =  𝛅𝐔, 𝐟ௗ = [𝐁ଵ 𝐇𝐄ଵ] ቂ 𝐖sin 𝑡ቃ, then Eq. (35) can be written as: 
𝐗ሶ = 𝐀𝐗 + 𝐁ଶ𝐔 + 𝐁ଶ(−𝐈)𝛏 + 𝐟ௗ, (36)
the actuator faults 𝛏 can be effectively modelled as matched uncertainties. 
Assumption 1. The function 𝐟ௗ represents unmatched uncertainty i.e. it does not lie within the 
range space of matrix 𝐁ଶ, but is assumed to be bounded with known upper bound. 
The nominal linear system associated with Eq. (36) can be written as: 
𝐗ሶ = 𝐀𝐗 + 𝐁ଶ𝐔଴, (37)
where 𝐔଴ is a nominal control law which can be designed by any suitable state feedback paradigm 
to achieve desired nominal performance. Since it is assumed that the pair (𝐀, 𝐁ଶ) is controllable, 
then there exists a state feedback controller of the form: 
𝐔଴ = 𝐊𝐗, (38)
where 𝐊 is a state feedback gain to be designed. The matrix 𝐊 can be designed using any state 
feedback design approach. Here 𝐊 is the designed 𝐻ଶ/𝐻ஶ state feedback gain. 
Define the control law 𝐔 of the form: 
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𝐔 = 𝐔଴ + 𝐔௡, (39)
where 𝐔𝟎 is the nominal controller and 𝐔௡ is a nonlinear injection to induce a sliding mode. Then 
use Eq. (39), Eq. (36) can be written as: 
𝐗ሶ = 𝐀𝐗 + 𝐁ଶ𝐔𝟎 + 𝐁ଶ𝐔௡ − 𝐁ଶ𝛏 + 𝐟ௗ (40)
where 𝐔௡ is chosen to reject the disturbance term 𝛏 while in the sliding mode. Here the switching 
function is defined as: 
Φ = 𝐆𝐗 + 𝐳, (41)
where 𝐆  is design freedom and 𝐳 is to be specified. Since the matrix 𝐁ଶ  is of full rank, the 
switching matrix 𝐆  can be chosen so that the matrix 𝐆𝐁ଶ  is nonsingular i.e. 𝑑𝑒𝑡(𝐆𝐁ଶ) ≠ 0 . 
During sliding Φሶ = Φ = 0 and therefore: 
Φሶ = 𝐆𝐀𝐗 + 𝐆𝐁ଶ𝐔଴ + 𝐆𝐁ଶ𝐔௡ + 𝐆𝐁ଶ(−𝐈)𝛏 + 𝐆𝐟ௗ + 𝐳ሶ = 𝟎. (42)
During sliding it is expected that 𝐆𝐁ଶ𝐔௡௘௤ =  𝐆𝐁ଶ𝛏 − 𝐆𝐟ௗ, i.e.: 
𝐔௡௘௤ = −(−𝐈)𝛏 − (𝐆𝐁ଶ)ିଵ𝐆𝐟ௗ, (43)
then selecting: 
𝐳ሶ = −(𝐆𝐀𝐗 + 𝐆𝐁ଶ𝐔଴). (44)
Substituting the value of equivalent control 𝐔௡௘௤ from Eq. (43) into Eq. (40) and simplifying, 
the expression for the integral sliding mode dynamics can be written as: 
𝐗ሶ = 𝐀𝐗 + 𝐁ଶ𝐔଴ + (𝐈 − 𝐁ଶ(𝐆𝐁ଶ)ିଵ𝐆)𝐟ௗ. (45)
Let ∅ = 𝐈 − 𝐁ଶ(𝐆𝐁ଶ)ିଵ𝐆, from Eq. (45) it is clear that the effect of the matched uncertainty 
has been completely rejected while in the sliding mode. 
4.2.1. Integral switching surface 
Using Eqs. (41, 44), an integral switching function: 
Φ = 𝐆𝐗 − 𝐆 න ൫𝐀𝐗(𝜏) + 𝐁ଶ𝐔଴(𝜏)൯𝑑(𝜏)
௧
଴
. (46)
The sliding mode will exist from time 𝑡 = 0 and the system will be robust throughout the entire 
closed-loop system response against matched uncertainties. it is clear that in the case of only 
matched uncertainty, then any choice of 𝐆 which ensures 𝐆𝐁ଶ is invertible is sufficient for the 
Integral sliding mode design, for unmatched uncertainty, a specific choice of 𝐆 is needed. Here it 
will be argued that: 
𝐆 = (𝐁ଶ் 𝐁ଶ)ିଵ𝐁ଶ் , (47)
is an appropriate choice. Moreover, 𝐆𝐁ଶ = 𝐈. 
This choice of 𝐆 ensures that the square matrix 𝐆𝐁ଶ is nonsingular. The ∅ becomes: 
∅ = I − 𝐁ଶ(𝐁ଶ் 𝐁ଶ)ିଵ𝐁ଶ் . (48)
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Notice that the projection operator ∅ in Eq. (48) is symmetric and idempotent i.e. ∅𝟐 = ∅. The 
properties of symmetry and idempotency imply that ‖∅‖ = 1 which means that the effect of 𝐟ௗ is 
not amplified since ‖∅𝐟ௗ‖ ≤ ‖𝐟ௗ‖. 
4.2.2. Integral sliding mode control laws 
An integral sliding mode controller will now be designed based on the nominal system in 
Eq. (37). The control law has a structure given by Eq. (39). 𝐔଴ is the linear part of the controller, 
and 𝐔௡ is the discontinuous part to enforce a sliding mode along the sliding surface in Eq. (46). 
One choice of 𝐔 is: 
𝐔 = 𝐊𝐗 − 𝜌(𝐆𝐁ଶ)ିଵ
Φ
‖Φ‖ + 𝜑 ,    Φ ≠ 0, (49)
where the value of the small positive scalar 𝜑  is chosen to eliminate chattering; 𝜌  is the 
modulation gain to enforce the sliding mode whose precise value is given later. 
4.2.3. The reachability condition 
To justify that the controller designed in Eq. (49) satisfies the 𝜇-reachability condition, which 
is a sufficient condition to ensure the existence of an ideal sliding motion, it can be shown from 
Eq. (36) and Eq. (38) that: 
Φሶ = 𝐆(𝐀𝐗 + 𝐁ଶ𝐔 + 𝐁ଶ(−𝐈)𝛏 + 𝐟ௗ) − 𝐆𝐀𝐗 − 𝐆𝐁ଶ𝐊𝐗, (50)
then substituting from Eq. (50), and after some simplification: 
Φሶ = 𝐆𝐀𝐗 + 𝐆𝐁ଶ𝐊𝐗 − 𝜌𝐆𝐁ଶ(𝐆𝐁ଶ)ିଵ
Φ
‖Φ‖ + 𝜑 + 𝐆𝐁ଶ(−𝐈)𝛏 + 𝐆𝐟ௗ − 𝐆𝐀𝐗 − 𝐆𝐁ଶ𝐊𝐗 
             = −𝜌 Φ‖Φ‖ + 𝜑 + 𝐆𝐁ଶ(−𝐈)𝛏 + 𝐆𝐟ௗ. 
(51)
Then: 
Φ்Φሶ = −𝜌‖Φ‖ + Φ்(−𝐈)𝛏 + 𝐆𝐟ௗ ≤ ‖Φ‖(−𝜌 + ‖(−𝐈)𝛏‖) + ‖𝐆𝐟ௗ‖. (52)
In order to enforce a sliding mode the value of the modulation gain 𝜌 should be greater than 
any disturbance or uncertainty in the system, and therefore for any choice of 𝜌 which satisfies: 
𝜌 ≥ ‖−𝐈‖ ∙ ‖𝛏‖ + ‖𝐆‖ ∙ ‖𝐟ௗ‖ + 𝜇, (53)
where 𝜇 is some positive scalar, the 𝜇-reachability condition: 
Φ்Φሶ ≤ −𝜇‖Φ‖, (54)
is satisfied. 
5. Illustrative examples 
In the following work, let PSC represents passive suspension control, which is represented by 
a black solid line of the figure; RPFTC represents robust passive fault tolerant control based on 
𝐻ଶ/𝐻ஶ approach, which is represented by a red solid line of the figure; ISMPFTC represents 
integral sliding mode passive fault tolerant control based on 𝐻ଶ/𝐻ஶ  approach, which is 
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represented by a blue solid line of the figure. In this section, the simulation results of passive fault 
tolerant control of a half-car model with actuator faults and model uncertainties are studied. All 
design parameters of the half-car model in Fig. 1 are listed in Table 1. The design parameters are 
derived from reference [7]. Road interference inputs to use filter white noise and bump response 
respectively. As to response of excitation of random road surface, in simulation, consider three 
cases, which are Case one, Case two, Case three; where Case one represents active suspension in 
good condition；Case two represents the percentage of disturbance of active suspension system 
parameters is –10 %; when 𝑡 = 2.5 s, the percentage of efficiency loss of the front and rear 
actuator all is 0.4; Case three represents the percentage of disturbance of active suspension system 
parameters is 10 %; when 𝑡 = 2.5 s, the percentage of efficiency loss of the front and rear actuator 
all is 0.8. Concerning bump response, in simulation, consider three cases too, which are Case one, 
Case two, Case three; but in each case, consider three different vehicle speeds, which are  
𝑣 = 20 km/h, 𝑣 = 25 km/h, 𝑣 = 30 km/h; where Case one represents active suspension in good 
condition; the vehicle forwards velocity is 20 km/h, 25 km/h, 30 km/h respectively; Case two 
represents the percentage of disturbance of active suspension system parameters is –10 %; the 
vehicle for velocity is 20 km/h, 25 km/h, 30 km/h respectively; when 𝑡 = 1 s, the percentage of 
efficiency loss of the front and rear actuator all is 0.4; Case three represents the percentage of 
disturbance of active suspension system parameters is 10 %; the vehicle speed is 20 km/h,  
25 km/h, 30 km/h respectively; when 𝑡 = 1 s, the percentage of efficiency loss of the front and 
rear actuator all is 0.8. The performances of vehicle suspension with passive suspension control, 
robust passive fault tolerant control based on 𝐻ଶ/𝐻ஶ approach, integral sliding mode passive fault 
tolerant control based on 𝐻ଶ/𝐻ஶ approach are compared in the time domain. 
The vehicle is assumed to run linearly and the road condition for rear wheel is same as the 
front wheel, but with a time delay of (𝑎 + 𝑏)/𝑣. Using filtered white noise as the road inputs, the 
road input equations for the front and rear wheels are: 
𝑥ሶ௚௜ = −2𝜋𝑓଴𝑥௚௜ + 2𝜋ඥ𝐺଴𝑣 𝑤௜(𝑡),     (𝑖 = 1,2), (55)
where 𝑓଴ is low cut-off frequency, 𝑓଴ = 0.01 m-1; 𝐺଴ is road roughness coefficient, 𝐺଴ =5×10-6 m3; 
𝑣 = 20 m/s; 𝑤௜(𝑡)  are white noise with zero mean and power spectral density of 1. 
Consider the case of an isolated bump in a road surface, the bump road profile is described as 
follows: 
𝑥௚௜ =
⎩
⎨
⎧𝐴଴2 ቆ1 − ൬cos
2𝜋𝑣
𝐿 𝑡൰ቇ ,     0 ≤ 𝑡 ≤
𝐿
𝑣 ,
0,                                            𝑡 > 𝐿𝑣 ,     𝑖 = 1, 2,
 (56)
where 𝐴଴ and 𝐿 are the height and the length of the bump. Assume 𝐴଴ = 0.08 m, 𝐿 = 5 m, the 
vehicle forwards velocity is 20 km/h, 25 km/h, 30 km/h respectively. 
The matrix 𝐌଴ , 𝐉  introduced in actuator fault model is 𝐌଴ = 0.5 ∙ 𝑒𝑦𝑒(2) , 𝐉 = 𝑒𝑦𝑒(2) , 
respectively. Constant matrices 𝐇, 𝐄ଵ, 𝐄ଶ of appropriate dimensions in uncertainty model is: 
𝐄ଵ = ൦
−10.1961        0.6445  − 0.8497        0.0439      0            0              0.8497   − 0.0439
     0.5273  − 14.4783       0.0439  − 0.9872      0            0         − 0.0439        0.9872
     4.5000              0              0.3750             0     − 50          0         − 0.3750             0
          0               6.1111              0            0.4167      0  − 55.5556            0        − 0.4167
൪, 
𝐇 = ൦
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 20 0
0 0 1 0 0 0 0 16
൪
ସ×଼
்
,     𝐄ଶ = 𝑧𝑒𝑟𝑜𝑠(4.2). 
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The obtained robust passive fault tolerant control law of the faulty suspension system based 
on 𝐻ଶ/𝐻ஶ approach is: 
𝐊௙ = ቂ−1233.16 1567.53 −1289.19 10.50 4586.44 1175.35 203.60 −8.30−897.95 −1735.59 −14.66 −1405.26 −1298.02 5894.45 −10.73 −319.45ቃ. 
As to integral sliding mode passive fault tolerant control, 𝜌 is a fixed scalar and the value is 
150; the value of the small positive scalar 𝜑 is chosen as 𝜑 = 0.4, to eliminate chattering. 
Table 1. The vehicle system parameters for the half-car model 
Description Variable Units Value 
Sprung mass 𝑚௦ kg 690 
Pitch moment of inertia 𝐼௣ kg∙m 1222 
Front tire stiffness 𝐾௧ଵ N/m 200000 
Rear tire stiffness 𝐾௧ଶ N/m 200000 
Front suspension stiffness 𝐾ଵ N/m 18000 
Rear suspension stiffness 𝐾ଶ N/m 22000 
Front unsprung mass 𝑚௨ଵ kg 40 
Rear unsprung mass 𝑚௨ଶ kg 45 
Front Sprung damping coefficient 𝐶௦ଵ N∙s/m 1000 
Front Sprung damping coefficient 𝐶௦ଶ N∙s/m 1000 
Actuator output threshold 𝐹୫ୟ୶ N 1500 
The maximum suspension working space 𝑆୫ୟ୶ m 0.08 
Distance of front axle to sprung mass c.g. 𝑎 m 1.3 
Distance of rear axle to sprung mass c.g. 𝑏 m 1.5 
5.1. Simulation results 
5.1.1. Response of excitation of random road surface 
Case one: active suspension in good condition, the simulation results are shown in Figs. 2-3. 
As for response to excitation of random road surface, in the first case, as is reflected in line 
charts 2-3 that the optimization effect are the integral sliding mode passive fault tolerant control 
based on 𝐻ଶ/𝐻ஶ approach is better than the robust passive fault tolerant control based on 𝐻ଶ/𝐻ஶ 
approach, and both of which are better than the passive suspension control. 
 
Fig. 2. Time-domain analysis of vertical acceleration of vehicle body 
Case two: The percentage of disturbance of active suspension system parameters is –10 %; 
when 𝑡 = 2.5 s, the percentage of efficiency loss of the front and rear actuator all is 0.4, the 
simulation results are shown in the line charts 4-5. 
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Fig. 3. Time-domain analysis of pitch acceleration 
 
Fig. 4. Time-domain analysis of vertical acceleration of vehicle body 
 
Fig. 5. Time-domain analysis of pitch acceleration 
In Case two, when 𝑡 < 2.5 s, it can be seen from the line charts 4-5 that the control effect of 
the integral sliding mode passive fault tolerant control based on 𝐻ଶ/𝐻ஶ approach is the best, the 
robust passive fault tolerant control based on 𝐻ଶ/𝐻ஶ approach is the second best, the fault passive 
suspension control is the worst; when 𝑡 > 2.5 s, the order of the best optimization effects keeps 
the same. 
Case three: The percentage of disturbance of active suspension system parameters is 10 %; 
when 𝑡 = 2.5 s, the percentage of efficiency loss of the front and rear actuator all is 0.8, the 
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simulation results are shown in the line charts 6-7. 
In Case three, when 𝑡 < 2.5 s, the line charts 6-7 illustrate that the optimization effect are the 
integral sliding mode passive fault tolerant control based on 𝐻ଶ/𝐻ஶ approach is better than the 
robust passive fault tolerant control based on 𝐻ଶ/𝐻ஶ approach, and both of which are better than 
the passive suspension control. When 𝑡 > 2.5 s, the control effect of the integral sliding mode 
passive fault tolerant control based on 𝐻ଶ/𝐻ஶ  approach and the robust passive fault tolerant 
control based on 𝐻ଶ/𝐻ஶ approach is very close, but both of which are still slightly better than the 
passive suspension control. 
 
Fig. 6. Time-domain analysis of vertical acceleration of vehicle body 
 
Fig. 7. Time-domain analysis of pitch acceleration 
5.1.2. Bump response 
Case one: Active suspension in good condition; the vehicle forwards velocity is 20 km/h, 
25 km/h, 30 km/h respectively; the simulation results are shown in Figs. 8-10. 
Case two: The percentage of disturbance of active suspension system parameters is –10 %; the 
vehicle forwards velocity is 20 km/h, 25 km/h, 30 km/h respectively; when 𝑡 = 1 s, the percentage 
of efficiency loss of the front and rear actuator all is 0.4, the simulation results are shown in 
Figs. 11-13. 
Case three: The percentage of disturbance of active suspension system parameters is 10 %; the 
vehicle forwards velocity is 20 km/h, 25 km/h, 30 km/h respectively; when 𝑡 = 1 s, the percentage 
of efficiency loss of the front and rear actuator all is 0.8, the simulation results are shown in 
Figs. 14-16. 
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Fig. 8. The bump responses from body vertical acceleration, pitch angular acceleration (𝑣 = 20 km/h) 
Fig. 9. The bump responses from body vertical acceleration, pitch angular acceleration (𝑣 = 25 km/h) 
  
Fig. 10. The bump responses from body vertical acceleration, pitch angular acceleration (𝑣 = 30 km/h) 
  
Fig. 11. The bump responses from body vertical acceleration, pitch angular acceleration (𝑣 = 20 km/h) 
0 1 2 3 4
time/s
-3
-2
-1
0
1
2
3
PSC
RPFTC
ISMPFTC
0 1 2 3 4
time/s
-1.5
-1
-0.5
0
0.5
1
1.5
PSC
RPFTC
ISMPFTC
0 1 2 3 4
time/s
-4
-3
-2
-1
0
1
2
3
PSC
RPFTC
ISMPFTC
0 1 2 3 4
time/s
-1.5
-1
-0.5
0
0.5
1
1.5
PSC
RPFTC
ISMPFTC
0 0.5 1 1.5 2 2.5 3 3.5 4
time/s
-4
-3
-2
-1
0
1
2
3
PSC
RPFTC
ISMPFTC
0 1 2 3 4
time/s
-2
-1
0
1
2
PSC
RPFTC
ISMPFTC
0 1 2 3 4
time/s
-3
-2
-1
0
1
2
3
PSC
RPFTC
ISMPFTC
0 1 2 3 4
time/s
-1.5
-1
-0.5
0
0.5
1
1.5
PSC
RPFTC
ISMPFTC
2894. PASSIVE FAULT-TOLERANT CONTROL FOR VEHICLE ACTIVE SUSPENSION SYSTEM BASED ON H2/H∞ APPROACH.  
LI PING ZHANG, DONG LIANG GONG 
 ISSN PRINT 1392-8716, ISSN ONLINE 2538-8460, KAUNAS, LITHUANIA 1845 
  
Fig. 12. The bump responses from body vertical acceleration, pitch angular acceleration (𝑣 = 25 km/h) 
Fig. 13. The bump responses from body vertical acceleration, pitch angular acceleration (𝑣 = 30 km/h) 
  
Fig. 14. The bump responses from body vertical acceleration, pitch angular acceleration (𝑣 = 20 km/h) 
  
Fig. 15. The bump responses from body vertical acceleration, pitch angular acceleration (𝑣 = 25 km/h) 
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Fig. 16. The bump responses from body vertical acceleration, pitch angular acceleration (𝑣 = 30 km/h) 
Concerning bump response, in the first case, active suspension in good condition, the vehicle 
forwards velocity is 20 km/h, it can be seen from the line chart 8 that the optimization effect of 
the integral sliding mode passive fault tolerant control (ISMPFTC) based on 𝐻ଶ/𝐻ஶ approach is 
better than robust passive fault tolerant control (RPFTC) based on 𝐻ଶ/𝐻ஶ approach, and both of 
which are better than the passive suspension control. When the vehicle for velocity is 25 km/h, 
from Fig. 9, one can find that the order for optimization effects is all same as those shown in Fig. 8, 
which are that the control effect of the integral sliding mode passive fault tolerant control based 
on 𝐻ଶ/𝐻ஶ approach is the best, the robust passive fault tolerant control based on 𝐻ଶ/𝐻ஶ approach 
is the second best, the passive suspension control is the worst. As is displayed Fig. 10 that this is 
also true when the vehicle speed is 30 km/h. 
In Case two, the percentage of disturbance of active suspension system parameters is 10 %. 
When the vehicle forwards velocity is 20 km/h, 𝑡 < 1 s, the front and rear actuators are fault free, 
as is revealed line chart 11 that the control effect of the integral sliding mode passive fault tolerant 
control (ISMPFTC) based on 𝐻ଶ/𝐻ஶ approach is better than robust passive fault tolerant control 
(RPFTC) based on 𝐻ଶ/𝐻ஶ approach, and both of which are better than the passive suspension 
control. When 𝑡 ≥ 1 s, the percentage of efficiency loss of the front and rear actuator all is 0.4, 
from Fig. 11, it can be concluded that the order of the best optimization effects keeps the same. 
When the vehicle for velocity is 25 km/h, 𝑡 < 1 s, the front and rear actuators are trouble-free, as 
shown in the line chart 12 that the order for optimization effects is all same as those shown in 
Fig. 11. When 𝑡 ≥ 1 s, the percentage of efficiency loss of the front and rear actuator all is 0.4, 
from Fig. 12, it can be seen that the order of the best optimization effects keeps the same, which 
are that the control effect of the integral sliding mode passive fault tolerant control based on 
𝐻ଶ/𝐻ஶ approach is the best, the robust passive fault tolerant control based on 𝐻ଶ/𝐻ஶ approach is 
the second best, the passive suspension control is the worst. When the vehicle speed is 30 km/h, 
𝑡 < 1 s, the front and rear actuators in good condition, the line chart 13 illustrates that the order of 
the best optimization effects is all same as those shown in Fig 12. When 𝑡 ≥ 1 s, the percentage 
of efficiency loss of the front and rear actuator all is 0.4, as shown in the line chart 13 that the 
order of the best optimization effects keeps the same, which are that the optimization effect of the 
integral sliding mode passive fault tolerant control (ISMPFTC) based on 𝐻ଶ/𝐻ஶ  approach is 
better than robust passive fault tolerant control (RPFTC) based on 𝐻ଶ/𝐻ஶ approach, and both of 
which are better than the passive suspension control. 
In Case three, the percentage of disturbance of active suspension system parameters is 10 %. 
When the vehicle forwards velocity is 20 km/h, 𝑡 < 1 s, the front and rear actuators are fault free, 
as is displayed line chart 14 that the control effect of the integral sliding mode passive fault tolerant 
control based on 𝐻ଶ/𝐻ஶ approach is the best, the robust passive fault tolerant control based on 
𝐻ଶ/𝐻ஶ approach is the second best, the passive suspension control is the worst. When 𝑡 ≥ 1 s, the 
percentage of efficiency loss of the front and rear actuator all is 0.8, from Fig. 14, it can be seen 
that although the control effect of the integral sliding mode passive fault tolerant control based on 
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𝐻ଶ/𝐻ஶ approach and the robust passive fault tolerant control based on 𝐻ଶ/𝐻ஶ approach is very 
close, still slightly better than the passive suspension control. When the vehicle for velocity is 
25 km/h, 𝑡 < 1 s, the front and rear actuators are trouble-free, as is reflected in line chart 15 that 
the order of optimization effects are all same as those shown in Fig. 14. When 𝑡 ≥ 1 s, the 
percentage of efficiency loss of the front and rear actuator all is 0.8, from Fig. 15, as is revealed 
that the control effect of the integral sliding mode passive fault tolerant control based on 𝐻ଶ/𝐻ஶ 
approach and the robust passive fault tolerant control based on 𝐻ଶ/𝐻ஶ approach is very close, but 
still slightly better than the passive suspension control. When the vehicle speed is 30 km/h, 𝑡 < 1 
s, the front and rear actuators in good condition, as shown in the line chart 16 that the order of the 
best optimization effects keeps the same. When 𝑡 ≥ 1 s, the percentage of efficiency loss of the 
front and rear actuator all is 0.8, the line chart 16 illustrates that the control effect of the integral 
sliding mode passive fault tolerant control based on 𝐻ଶ/𝐻ஶ approach and the robust passive fault 
tolerant control based on 𝐻ଶ/𝐻ஶ approach is very close, but both of which are still slightly better 
than the passive suspension control. 
Table 2. RMS values of the performance indices for three failure modes 
RMS Case one 
Parameter 𝑥ሷ௦ 𝜃ሷ  𝑥ሷ௦ 𝜃ሷ  𝑥ሷ௦ 𝜃ሷ  𝑥ሷ௦ 𝜃ሷ  
PSC 0.4852 0.1931 1.2473 0.6163 1.3466 0.7614 1.3668 0.8321 
RPFTC 0.3005 0.1195 0.6735 0.4106 0.7464 0.5201 0.7939 0.5907 
ISMPFTC 0.2008 0.0797 0.4243 0.2633 0.4762 0.3163 0.5145 0.3568 
Road type Random road 𝑣 = 20 km/h 𝑣 = 25 km/h 𝑣 = 30 km/h Bump road 
RMS Case two 
Parameter 𝑥ሷ௦ 𝜃ሷ  𝑥ሷ௦ 𝜃ሷ  𝑥ሷ௦ 𝜃ሷ  𝑥ሷ௦ 𝜃ሷ  
PSC 0.5074 0.2063 1.3642 0.6604 1.4435 0.7833 1.4352 0.8300 
RPFTC 0.3338 0.1240 0.7754 0.4605 0.8366 0.5688 0.8682 0.6234 
ISMPFTC 0.2201 0.0876 0.5099 0.3241 0.5641 0.3883 0.6006 0.4252 
Road type Random road 𝑣 = 20 km/h 𝑣 = 25 km/h 𝑣 = 30 km/h Bump road 
RMS Case three 
Parameter 𝑥ሷ௦ 𝜃ሷ  𝑥ሷ௦ 𝜃ሷ  𝑥ሷ௦ 𝜃ሷ  𝑥ሷ௦ 𝜃ሷ  
PSC 0.4549 0.1855 1.1114 0.5625 1.2049 0.7192 1.2016 0.7798 
RPFTC 0.3607 0.1267 0.7552 0.4490 0.8423 0.5876 0.8836 0.6509 
ISMPFTC 0.2923 0.1051 0.5935 0.3745 0.6610 0.4876 0.7055 0.5390 
Road type Random road 𝑣 = 20 km/h 𝑣 = 25 km/h 𝑣 = 30 km/h Bump road 
RMS values of the performance indices of the half-car model with three failure modes are 
listed in Table 2 for quantifying and comparing the effects of these three control methods in 
different situations. It can be reached from Figs. 8-16 and Table 2 that at different vehicle speeds 
and failure modes, the optimization effect of the integral sliding mode passive fault tolerant control 
(ISMPFTC) based on 𝐻ଶ/𝐻ஶ  approach is better than robust passive fault tolerant control  
(RPFTC) based on 𝐻ଶ/𝐻ஶ approach, and both of which are better than the passive suspension 
control. The proposed control methods are robust to the actuator faults and model uncertainties. 
The above simulation analysis show: whether the active suspension system is in good condition 
or malfunction in actuators and model uncertainties, both the integral sliding mode passive fault 
tolerant control and the robust passive fault tolerant control can improve the ride comfort of the 
suspension system to a certain extent. 
6. Conclusions 
In this study, the partial fault of actuators, time-domain hard constraints and model 
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uncertainties of the suspension system are considered. A robust passive fault-tolerant control 
(RPFTC) strategy and an integral sliding mode passive fault tolerant control (ISMPFTC) strategy 
are investigated; two passive fault-tolerant control strategies based on 𝐻ଶ/𝐻ஶ approach have been 
applied to an active suspension system respectively. Road interference inputs to use filter white 
noise and bump response respectively. As to response of excitation of random road surface, in 
simulation, consider three cases. Concerning bump response, in simulation, consider three cases 
too, but in each case, consider three different vehicle speeds, which are 𝑣 = 20 km/h,  
𝑣 = 25 km/h, 𝑣 = 30 km/h. Finally, an analysis of the simulation results is given to verify the 
feasibility and effectiveness of the proposed two control strategies is the main contributions of 
this work. The research we have done suggests that the two passive fault-tolerant control strategies 
are robust to the actuator faults and model uncertainties, and can guarantee the stability of the 
vehicle active suspension system, improve the ride comfort of the vehicle simultaneously to a 
certain degree. 
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